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A deformation of the Curtright action
Sergio Ho¨rtner
Centro de Estudios Cient´ıficos (CECs), Valdivia, Chile
We present a deformation of the action principle for a free tensor field of mixed symmetry (2,1)
–the Curtright action, a dual formulation of five-dimensional linearized gravity. It is constructed
as the dual theory of the Einstein-Hilbert action linearized around a de Sitter background, and its
derivation relies on the use of the two-potential formalism as an intermediate step. The resulting
action principle is spatially non-local and space-time covariance is not manifest, thus overcoming
previous no-go results.
I. INTRODUCTION
The construction of interacting gauge theories involv-
ing fields of mixed symmetry remains largely an open
subject of research: although free theories can be con-
structed solely on the basis of the gauge principle [1]-[3],
much is yet to be understood concerning interactions.
There are two main areas of research where this type of
tensor fields appear, and therefore the problem of defor-
mations is relevant. One is the construction of interact-
ing higher spin gauge theories, in relation with the mixed
symmetry representations found in the infinite tower of
higher spin massive excitations of the string theory spec-
trum. The other, which constitutes the subject of the
present work, is the study of gravitational (or, more gen-
erally, higher spin) duality and hidden symmetries of
gravitational theories.
There is a significant amount of indications [4]-[11]
in support of the conjecture [12]-[16] that some ex-
tended Kac-Moody algebra underlies, as a larger symme-
try of the unreduced theory, the well-established hidden
symmetries of gravitational theories that appear upon
toroidal compactification [17]-[19]. Within this picture,
all the bosonic fields and their Hodge duals enter alge-
braically on an equal footing and are expected to be re-
lated among themselves by symmetry transformations of
a highly non-trivial form. This would hold in particular
for the graviton, with the peculiarity of being the only
field in the bosonic sector of eleven dimensional super-
gravity whose Hodge dual, represented by a two-column
(D−3, 1) Young diagram, is described by a mixed symme-
try tensor. Nevertheless, it is precisely this mixed sym-
metry character of the dual graviton the origin of the
difficulties encountered in completing the proof of the
conjecture. A particularly delicate impasse one meets in
this regard is found in [20]: a no-go result that forbids,
under the hypotheses of locality and manifest space-time
covariance, deformations of the free action for a tensor
field of (2,1) Young type, originally proposed by Cur-
tright as a dual description of linearized gravity in five
dimensions [1]. These difficulties may be conceptually
interpreted as a consequence of the lack of a notion of
diffeomorphism covariance for mixed symmetry tensors.
The question we address here is whether it is possible
to construct, by making use of the prepotential formal-
ism [21], a non-local theory, the dual of five-dimensional
Einstein-Hilbert action linearized around some curved
background metric, that one could regard as a deforma-
tion of the Curtright action –namely, in the flat limit
one should recover the Curtright action and its gauge
symmetries. We find that the answer is affirmative, at
least, when the linearization is performed around a de
Sitter background. The reason that justifies our focus
on de Sitter space-time, as well as the election of the
prepotential formalism, deserves some words of expla-
nation. One first notices that de Sitter space-time ad-
mits a spatially flat slicing in an appropriate coordinate
frame. This observation is crucial in order to extend the
SO(2) electric-magnetic duality invariance of the four-
dimensional Pauli-Fierz theory [22] to the case where a
positive cosmological constant is present [23]. In higher
dimensions, on the other hand, it has been studied how
to relate the Pauli-Fierz action to the dual theory using
the prepotential formulation as an intermediate step [24].
Thus, it seems opportune to investigate the prepotential
formulation of the five-dimensional Einstein-Hilbert ac-
tion linearized around de Sitter space-time –expressed in
flat slicing coordinates– with the purpose of constructing
the corresponding deformation of the Curtright theory.
We find that, working in a convenient gauge in which
the linearized constraints take the same form as they do
in the absence of a cosmological constant, one is able to
construct such a deformation from the prepotential for-
mulation of the action principle.
The rest of the article is organized as follows. In Sec-
tion II we first describe the linearization of the Einstein-
Hilbert action around a de Sitter background in any num-
ber of dimensions of the space-time manifold, as well
as the canonical form of the theory; then we focus on
five dimensions and solve the constraints in terms of
two prepotentials, which turn out to retain the mixed
symmetries found when the linearization is performed
around a Minkowski background. After realizing in Sec-
tion III that upon a particular gauge choice the con-
straints and the action take essentially the same form as
in a Minkowski background, we construct the dual, non-
local theory by introducing a pair of mixed symmetry
canonical variables using the inversion formulae already
known from the flat case. In Section IV we outline our
conclusions and discuss the relevance of our result.
2II. PREPOTETIAL FORMULATION
A. Linearized action
In the presence of a cosmological constant, the ADM
form [25]-[26] of the Einstein-Hilbert action principle for
a metric gµν defined on a space-time manifold of arbitrary
dimension D reads
S =
∫
dDx
[
πij g˙ij −NH−NiHi
]
, (II.1)
with
H = −g1/2(R− 2Λ)− g−1( π
2
D − 2 − gikgjlπ
ijπkl)
(II.2)
and
Hi = −2πij|j . (II.3)
The functions N = (−g00)−1/2 and Ni = g0i denote re-
spectively the lapse and the shift, whereas g stands for
the determinant of the induced metric in D − 1 dimen-
sions, g = det(gij).
In an arbitrary dimension D, the de Sitter line element
expressed in spatially flat slicing coordinates takes the
form
ds2 = −dt2 + f2(t)δijdxidxj (II.4)
with the definitions f(t) = ekt and k =
√
2Λ
(D−1)(D−2) .
The linearization around this de Sitter background is
achieved by setting
gij = g¯ij + hij , π
ij = π¯ij + pij
N = 1 + n, Ni = ni, (II.5)
where the barred quantities are determined from (II.4):
g¯ij = f
2(t)δij
π¯ij =
√
g¯(g¯ijK¯ − K¯ij) = −(D − 2)kfD−3δij .
By expanding (II.1) up to second order terms in the gravi-
ton variables one finds the linearized version of the action,
S =
∫
dDx
[
pij h˙ij −H − nC − niCi
]
(II.6)
with the Hamiltonian density
H = f−D+5pijp
ij − f
−D+5
D − 2 p
2 − 2(D − 3)kpijhij + khp
+fD−7
[
1
4
∂ihjk∂ihjk − 1
4
∂ih∂
ih+
1
2
∂ih∂jhij
−1
2
∂ih
ij∂khkj
]
− k2fD−5 (D − 2)(−2D+ 6)
4
hijh
ij
(II.7)
and the linearized constraints
C ≡ fD−5(∆h− ∂i∂jhij) + 2kpf2
+fD−3k2h(D − 2)(D − 3) = 0 (II.8)
Ci ≡ −2∂jpij
+(D − 2)fD−5k(2∂khik − ∂ih) = 0 (II.9)
The latter are first-class and, as such, generate the gauge
transformations of the canonical variables via the Poisson
brackets
δhij = {hij,
∫
dD−1x(−ξC + ξmCm)}
= ∂iξj + ∂jξi − 2kf2δijξ
δpij = {pij,
∫
dD−1x(−ξC + ξmCm)}
= fD−5(−∂i∂jξ + δij∆ξ)
+(D − 2)(D − 3)k2f2δijξ
+(D − 2)k(∂iξj + ∂jξi − ∂mξmδij).
(II.10)
One should notice that the Hamiltonian and the kinetic
term in (II.6) are not gauge invariant (up to a total
derivative) by themselves, contrarily to the case Λ = 0.
Instead, the variation of the former compensates the vari-
ation of the latter. The reason for this is the explicit
dependence of the Hamiltonian and the constraints on
the time-like variable t. This forces the introduction of
explicit time derivatives in the equations expressing the
conservation in time of the constraints [27], which other-
wise would only involve brackets:1
C˙ =
∂C
∂t
+ {C,
∫
dD−1y H} = 0 (II.11)
˙Cm =
∂Cm
∂t
+ {Cm,
∫
dD−1y H} = 0. (II.12)
B. Solving the constraints
In order to solve the constraints, it is most useful to
perform the canonical transformation
hij 7→ hˆij = hij
pij 7→ pˆij = pij − D − 2
2
kfD−5(2hij − δijh).
(II.13)
1 As described in [27], in order to eliminate explicit time deriva-
tives one may promote the time-like coordinate t to a canonical
variable by a reparametrization t = t(τ). The phase space is
then enlarged to contain both t and its canonical momentum.
3This transformation may be derived from the generating
functional
F [hij , pˆ
ij ] =
∫
dD−1x
[
pˆijhij
+
(D − 2)
2
kfD−5(hijh
ij − 1
2
h2)
]
(II.14)
depending on the ‘old’ field hij and the ‘new’ conjugate
momentum pˆij , for it reproduces2 (II.13):
δF
δhij
≡ pij = pˆij + D − 2
2
kfD−5(2hij − δijh)
δF
δpˆij
≡ hˆij = hij .
The action principle (II.6) reduces then to
S[pˆij , hij , n, ni] =
∫
dDx
[
pˆij h˙ij −H − nC − niCi
]
,
(II.15)
where now the Hamiltonian and the constraints read, re-
spectively,
H = f−D+5pˆij pˆ
ij − f
−D+5
D − 2 pˆ
2 + 2kpˆijh
ij
+fD−7
[
1
4
∂ihjk∂ihjk − 1
4
∂ih∂
ih+
1
2
∂ih∂jhij
−1
2
∂ih
ij∂khkj
]
(II.16)
and
C = fD−5(−∂i∂jhij +∆h) + 2kf2pˆ (II.17)
Ci = −2∂j pˆij . (II.18)
We notice a dependence on the dimension of space-time
D in the scalar constraint, whereas the vector constraint
does not depend on D at all. The new canonical variable
pˆij transforms as
δpˆij = fD−5(−∂i∂jξ + δij∆ξ). (II.19)
In the sequel we shall focus on a five-dimensional space-
time, where the dual graviton is described by the Cur-
tright field, i.e., a mixed symmetry tensor field of Young
type (2, 1). We shall solve the constraints in terms of
prepotentials and write down the corresponding action
principle.
2 For a discussion on generating functions in classical mechanics
and how they are used to define the ‘old’ and ‘new’ sets of canon-
ical variables, see for instance [28].
The solution of the vector constraint (II.18) has been
found in [24] by making use of the cohomological results
for N -complexes and the generalized Poincare´ lemma for
rectangular Young diagrams [29]:
pˆij = ǫiklmǫjnpq∂k∂nPlmpq . (II.20)
The prepotential Pabcd is a mixed symmetry tensor of
Young type (2, 2). The transformations
δPabcd = 2χcd[b,a] + 2χab[d,c] +
1
4
[δacδbd − δadδbc]ξ,
χabc = −χbac, χ[abc] = 0 (II.21)
reflect the ambiguity in the choice of Pabcd: they leave
pˆij invariant up to the gauge transformation δpˆij =
−∂i∂jξ + δij∆ξ. Thus, the parameter ξ in (II.21) pro-
duces the gauge transformations of pˆij , whereas χabc de-
fines an internal invariance.
On the other hand, the expansion of the product of the
totally antisymmetric tensors in (II.20) yields
pˆij = δij(2∆P abab − 4∂a∂bP ambm)− 2∂i∂jP abab
+4∂i∂aP
jba
b + 4∂
j∂aP
iba
b
−4∆P iaj a + 4∂a∂bP iajb (II.22)
so one gets from its trace and (II.13)
p = −3kh+ 2∆P abab − 4∂a∂bP ambm. (II.23)
Substitution in the scalar constraint (II.17) produces
∆h−∂i∂jhij+4f2k∆P abab−8f2k∂i∂jP imjm = 0. (II.24)
In order to solve the previous equation we shall decom-
pose the prepotential Pijkl as follows:
Pabcd = Qabcd +
1
12
[δacδbd − δadδbc]P mnmn (II.25)
with Qijkl a (2,2) tensor whose double trace vanishes.
According to (II.21), the term carrying the double trace
of (II.25) is a gauge transformation of parameter ξ =
Pmnmn/3. This transformation also affects hij through
(II.10) but not the form of the scalar constraint, owing
to its gauge invariance. Equation (II.24) may then be
written in the form
∆j−∂i∂jjij+4kf2∆Qabab−8kf2∂i∂jQ kikj = 0 (II.26)
with hij = jij − 23kf2δijPmnmn + ∂iuj + ∂jui. One may
choose ui in such a way that j = 0 so the scalar constraint
reduces to
∂i∂j(jij + 8kf
2Q kikj ) = 0. (II.27)
4This equation can be solved exactly in the same manner
as the Hamiltonian constraint in the case Λ = 0 [24]:
jij + 8kf
2Q kikj = ∂
kǫikabφ
ab
j + ∂
kǫjkabφ
ab
i. (II.28)
The traceless condition on the left-hand side of (II.28)
guarantees that the prepotential φijk is a mixed symme-
try tensor transforming in the (2,1) irreducible represen-
tation. Our final expression for hij reads
hij = ∂
kǫikabφ
ab
j + ∂
kǫjkabφ
ab
i − 8kf2Q kikj
+∂iuj + ∂jui − 2
3
kf2δijP
mn
mn
= ∂kǫikabφ
ab
j + ∂
kǫjkabφ
ab
i + ∂iuj + ∂jui
−8kf2P kikj +
4
3
kf2δijP
mn
mn . (II.29)
Now we shall determine the invariances of the prepo-
tential φijk. They are defined by the equation
δhij = ∂iξj + ∂jξi − 2kf2δijξ
= ∂lǫilabδφ
ab
j + ∂
lǫjlabδφ
ab
i + ∂iδuj + ∂jδui
−8kf2δP kikj +
4
3
kf2δijδP
mn
mn . (II.30)
Substituting for δPabcd according to (II.21) one gets
∂lǫilabδφ
ab
j + ∂
lǫjlabδφ
ab
i = ∂i(ξj − δuj + 8kf2χ bjb )
+ ∂j(ξi − δui + 8kf2χ bib )
− 8kf2∂lχjli − 8kf2∂lχilj
− 16
3
kf2δij∂
lχ blb .
(II.31)
It is useful to dualize in the antisymmetric pair of indices
of χabc (and then project onto its (2,1) symmetry)
χabc = 2ǫabxyχ˜xyc + ǫcbxyχ˜xya − ǫcaxyχ˜xyb
so (II.31) takes the form
∂lǫ abil (δφabj + 16kf
2(χ˜jba + χ˜abj))
+ ∂lǫ abjl (δφabi + 16kf
2(χ˜iba + χ˜abi))
= ∂i(ξj − δuj + 16kf2ǫjbxyχ˜xyb)
+ ∂j(ξi − δui + 16kf2ǫibxyχ˜xyb).
(II.32)
From the previous expression one finally deduces
δφabc = ∂aSbc − ∂bSac + ∂aAbc − ∂bAac + 2∂cAba
+B[a δ b]c − 16kf2(χ˜cab + χ˜abc)
(II.33)
and
δui = ξi + 16kf
2ǫibxyχ˜
bxy − 2∂lǫ abil Aba. (II.34)
We observe the appearance of terms in χ˜ijk, correspond-
ing to an invariance of the prepotential Pijkl , as a part of
the transformations of the prepotential φijk as well: the
introduction of a cosmological constant mixes the invari-
ance parameters of the prepotentials in this particular
manner. The fact that this phenomenon does not occur
in four dimensions may be attributed to its especially
symmetric character.
C. Action in the prepotential formalism
Having solved the constraints, we can now write the
action principle in terms of the prepotentials by direct
substitution in (II.15). This yields
S[φijk , Pabcd] =∫
dt d4x
[
2ǫimabǫjncdǫilxy∂m∂nPabcd∂
lφ˙xyj
+
32
3
kP˙∂a∂bP
ab − 8kP˙ij∂a∂bP iajb
+8kf2ǫjlab∂i∂lφ
k
ab ∂iPjk − 8kf2ǫjlab∂i∂lφabi∂kP kj
+
72
9
k2f2∂jP∂
jP + 32k2f2∂iPik∂jP
jk
−16f2k2∂iPjk∂iP jk − 64
3
k2f2∂iP∂jP
ij
−
(
f−4(Rij [P ]R
ij [P ]− 7
27
R2[P ])
+f2(2Eijk[φ]E
ijk [φ]− 3
2
Ei[φ]E
i[φ])
)]
.
(II.35)
Here Rij and Eijk are defined as in [24]: they correspond
to the respective contractions of the tensors
Rijklmn = 18∂[iPjk][lm,n] (II.36)
and
Eijkmn = 6∂[n∂[iTjk]m] (II.37)
regarded as curvatures for the prepotentials. We see that,
in addition to the terms that appear when Λ = 0, there
are new terms proportional to k (a power of Λ) with two
derivatives of the prepotentials. Contrarily to the sit-
uation in four dimensions, one can not get rid of these
terms even after a redefinition by a power of f in the
prepotentials (for instance, the terms proportional to k
with time derivatives can not be written as a total time
derivative). This may again be interpreted as an indica-
tion of a special character of the four dimensional case:
the complications appearing in higher dimensions hap-
pen to vanish, which ultimately gives rise to the SO(2)
symmetry acting on the prepotentials.
One may now wonder whether it is possible to derive
(II.35) from some suitable deformation of the Curtright
5action once the corresponding constraints are solved.
Since one has no prior knowledge of any such deforma-
tion, this may in fact be regarded as a definition: the
deformed theory, dual to the Einstein-Hilbert action lin-
earized around a de Sitter background (II.1), must be
such that it takes the form (II.35) after the resolution
of the constraints. However, this definition does not pro-
vide any indications about how to construct the deformed
action. For such purpose, it seems more convenient to re-
strict ourselves to a particular gauge in which the terms
in (II.35) proportional to k are not present: the Hamilto-
nian would then take the same form as in the case Λ = 0
(up to factors of f) and thus one could introduce a dual
pair of canonical variables following the steps described in
[24]. We shall see in next section that such a gauge does
exist, and the gauge-fixed deformation of the Curtright
action will be derived. This suffices in order to show the
novel qualitative feature of the dual action principle: its
non-local character.
III. DEFORMED ACTION
The aim of this section is to show how the prepotential
formulation previously developed turns out to be useful
in the construction of a dual theory satisfying the proper-
ties we expect for a deformation of the Curtright action.
In order to simplify the analysis, we shall work in the
gauge where pˆ = 0 (we see from (II.13) that this condi-
tion is satisfied, in particular, in the transverse-traceless
gauge of [26]). In this gauge, the scalar constraint (II.17)
takes the same form as in the case with no cosmolog-
ical constant: this leads to the vanishing of the terms
proportional to k and k2 in (II.35), and simplifies the
construction of the deformed action.
Thus we shall set
pˆij = aij + δpˆij = aˆij − ∂i∂jξ + δij∆ξ
hij = bij − 2kf2ξ (III.1)
and a = 0. Clearly this can be achieved through the
gauge choice ξ = 13∆
−1pˆ. Now the constraints read as in
the case with no cosmological constant [24]
∂ja
ij = 0 (III.2)
∆b− ∂i∂jbij = 0 (III.3)
so they may be solved as follows
aij = f−2∂k∂lǫikabǫjlcdP
abcd (III.4)
bij = f
2(∂lǫilabφ
ab
j + ∂
lǫjlabφ
ab
i) + ∂iuj + ∂jui.
(III.5)
We note that ui is such that b = 2∂
mum, and it may ac-
tually be dropped for it has the form of a gauge transfor-
mation. The prepotentials have been redefined by powers
of f for future convenience.
By substituting in the action (II.15) one gets
S[Pijkl , φabc] =∫
dt d4x
[
2∂m∂kǫ
imnpǫjkstPnpst∂
lǫilabφ˙
ab
j
−
(
f−4(Rij [P ]R
ij [P ]− 7
27
R2[P ])
+ f2(2Eijk[φ]Eijk [φ]− 3
2
Ei[φ]E
i[φ])
)]
.
(III.6)
We observe that, because of our gauge choice (III.1), the
terms proportional to k and k2 in (II.35) are not present
any longer, and thus the action has the same form as in
the absence of a cosmological constant (up to some pow-
ers of f in the Hamiltonian). In this regard, the redefini-
tion of the prepotentials implicit in (III.4) and (III.5) by
powers of f is crucial, for it permits the cancellation of
the contributions derived from the term 2kpijhij in the
Hamiltonian (II.16) –owing to a term of opposite sign
produced by the time derivative in the kinetic term.
In order to construct the dual theory one now intro-
duces the canonical pair of dual variables defined as fol-
lows [24]:
tˆijk = −2
3
f−2∂l
[
2ǫklabP ijab + ǫ
ilabP kjab − ǫjlabP kiab
]
πˆijk = f
2ǫijmnǫkrst∂
m∂rφstn. (III.7)
The action
S[tˆijk, πˆijk ,mj,mij ] =
∫
d5x
[
πˆijk ˙ˆtijk −H
−mjΓj −mjkΓjk
]
(III.8)
reproduces the form of (III.6), with the Hamiltonian den-
sity
H = −2kπˆijk tˆijk + 1
2
∂i tˆjkl∂
i tˆjkl + ∂i tˆjkl∂
j tˆkil
−1
2
∂k tˆijk∂ltˆ
ijl +
1
2
πˆijkπˆ
ijk − 1
2
πˆ jii πˆ
k
jk
(III.9)
and the constraints
Γj = ∂i∂k tˆ
ijk (III.10)
Γij = −2∂k(πˆijk + πˆkji). (III.11)
The latter need to be imposed so (III.7) holds, and gen-
erate the usual gauge transformations
δtijk = 2∂[iuj]k + 2∂[ivj]k − 2∂kvij ,
δπijk =
1
2
(∂j∂kξi − ∂i∂kξj)
+
1
2
(
δjk(∂i∂mξ
m −∆ξi)− δik(∂j∂mξm −∆ξj)
)
(III.12)
6leaving (III.8) invariant, with uij = uji, vij = −vji.
The action (III.8) may be regarded as the dual of the
standard action (II.15) –written in terms of the ‘new’
variables (bij , a
ij). In order to obtain an action dual to
the original variational principle (II.6) –in terms of the
‘old’, graviton canonical variables (hij , p
ij)– we should
find a way to invert the action of the canonical trans-
formation (II.13) in the dual picture. This is achieved
by writing the generating functional (II.14) in terms of
the variables tˆijk and πˆ
ijk through the inversion formulae
[24]
φijk [πˆ] = −1
2
∆−1πˆijk (III.13)
and
Pabcd[tˆ] =
1
8
[
ǫabij∂
i∆−1tˆ jcd + ǫcdij∂
i∆−1tˆ jab
]
−
− 1
24
[
ǫabij∂
i∆−1tˆ jcd + ǫcdij∂
i∆−1tˆ jab
+ǫcaij∂
i∆−1 tˆ jbd + ǫadij∂
i∆−1tˆ jbc
+ǫbcij∂
i∆−1tˆ jad + ǫbdij∂
i∆−1tˆ jca
]
.
(III.14)
These expressions are suitable for our gauge choice, for
they imply a = b = 0. In addition to the condition tˆ jij =
0 (implicit in (III.7)) we can further impose that πˆijj =
0: it is consistent with the inversion formula (III.13), in
the sense that the trace of φijk is pure gauge [24], and
simplifies the computations.3
Since the canonical transformation (II.13) leaves hij
invariant, it is natural to expect in the dual theory the
action of the canonical transformation on πˆijk to be the
identity map. Therefore we shall set πˆijk = πijk . The
generating functional takes the form
F [πijk, tˆijk] =
∫
d4x[−tˆijkπijk − 3kπijk∆−1πijk ]
where we have dropped a boundary term. We observe
that, when expressed in terms of the dual variables, the
generating functional depends on the ‘old’ conjugate mo-
mentum πijk and the ‘new’ field tˆijk, so the relevant re-
lations are now
tijk = − δF
δπijk
, πˆijk = − δF
δtˆijk
. (III.15)
3 We should remind that the gauge parameter that implements a
gauge condition on piijk (similarly, on tijk) corresponds to an
internal invariance of hij (piij), so the imposition of a gauge
condition for the mixed symmetry canonical variables does not
modify the gauge parameters of the canonical variables in the
standard theory (and vice versa).
The equation for the conjugate momentum yields πijk =
πˆijk, in agreement with our previous guess. For the Cur-
tright field, one finds the spatially non-local expression
tijk = − δF
δπijk
= tˆijk + 6k∆
−1πijk (III.16)
The action (III.8) is now expressed in terms of the pair
(tijk, π
ijk):
S[tijk, π
ijk,mi,mij ] =
∫
dtd4x
[
πijk t˙ijk −H
−miΓi −mijΓij
]
(III.17)
We have dropped a total time derivative originating from
the kinetic term and recast the Hamiltonian density as
the sum
H = H0 +HΛ (III.18)
with
H0 = 1
2
∂itjkl∂
itjkl + ∂itjkl∂
jtkjl − 1
2
∂ktijk∂lt
ijl
+
1
2
πijkπ
ijk − 1
2
π jii π
k
jk (III.19)
the contribution from the free theory and
HΛ = 4kπijktijk − 6k2πijk∆−1πijk (III.20)
the term carrying the deformation. As in (II.6), one dis-
tinguishes two contributions to the deformation: one lin-
ear and other quadratic in k, with the novelty here of the
non-local character of the latter. The constraints read
Γj = ∂i∂k(t
ijk − 6k∆−1πijk − δijk) (III.21)
Γij = −2∂k(πijk + πkji). (III.22)
The action principle (III.17) may then be regarded as
a gauge-fixed deformation of the Curtright action in its
Hamiltonian form [24]. Its most prominent feature con-
sists in a spatially non-local character, reflected in the
term proportional to k2 of the deformed Hamiltonian, in
consonance with the main result in [20]. The undeformed
theory is recovered in the limit k → 0. To the best of our
knowledge, this is the first instance of a deformation of
the Curtright action in the literature.
IV. CONCLUSIONS AND COMMENTS
We have constructed an action principle, dual to the
linearized version of five-dimensional gravity around a
de Sitter background, in terms of the mixed symmetry
canonical variables associated to the dual graviton. This
construction can be naturally regarded as a deformation
of the Curtright action corresponding to the introduc-
tion of a positive cosmological constant in the Pauli-Fierz
7theory and relies on the resolution of the corresponding
constraints in terms of two prepotentials, which turn out
to possess the same mixed symmetries as in the case with
no cosmological constant. Though the resolution of these
constraints can be carried out with no need to specify
any gauge condition, the construction of the dual action
is particularly simplified upon a specific gauge choice,
where the constraints and the Hamiltonian –after per-
forming a suitable canonical transformation defining new
variables (hˆij , πˆ
ij)– take essentially the same form as they
do in a Minkowski background (up to time-dependent
factors). Consequently, the prepotential formulation of
the action principle also takes the same form as in the
case Λ = 0 (again, up to time-dependent factors), and
this allows us to introduce a canonical pair of dual vari-
ables by pertinent inversion formulae, imposing the usual
Curtright constraints on them. These, however, are the
dual version of the ‘new’, canonically transformed vari-
ables (hˆij , πˆ
ij), not of the ‘old’, original ones (hij , π
ij).
After reversing the canonical transformation in the dual
picture, one obtains a spatially non-local action principle.
This is the main qualitative feature of our construction,
sufficient to circumvent no-go results based on the hy-
potheses of locality and manifest Lorentz invariance.
Since we have specified a particular gauge in the deriva-
tion of our result, one may wish to deal with the general
situation and derive an ungauged deformed action. In
this ungauged version of the dual theory, one expects
both the Hamiltonian and the constraints to include new
terms, in such a way that the ungauged prepotential ac-
tion (II.35) is recovered when the constraints are solved.
As we have observed, gauge transformations of the stan-
dard canonical variables (hij , π
ij) do not affect the dual,
mixed symmetry canonical variables (and viceversa), so
there is no way to determine these additional terms in
the dual theory from the knowledge of the gauge parame-
ters in the standard picture. Nevertheless, one can guess
some of their properties by simple arguments. For in-
stance, one would expect a deformation in the constraint
for πˆijk by terms depending solely on tˆijk, and no de-
formation in the constraint for tˆijk, thus inverting the
situation encountered in the standard picture (a defor-
mation in the constraint for hij depending only on pˆ
ij
and no deformation in the constraint for pˆij). Moreover,
one should be able to recast the deformation of the con-
straint for πˆijk in the form of a gauge transformation δtˆijk
(so it can actually be gauged away), with the parameter
depending on tˆijk, and its vanishing should imply pˆ = 0.
A strategy to determine the exact form of these addi-
tional terms in the ungauged dual action is to consider
all possible contributions that satisfy the aforementioned
requirements and then substitute in the action in order
to adjust their relative coefficients, in such a way that
(II.35) is recovered in the end. It would be of interest to
know the exact form of these additional terms, and see
whether they bring about any qualitatively new features.
One should also emphasize that the deformed, non-
local action we have derived corresponds merely to the
introduction of a cosmological constant in the Pauli-Fierz
picture, and not to the inclusion of higher order terms
in the perturbative expansion of the Einstein-Hilbert ac-
tion. On the other hand, one may well wonder about the
existence of deformations of the Curtright theory cor-
responding to linearization of the Einstein-Hilbert action
around other space-time backgrounds, such as anti de Sit-
ter or, more generally, conformally flat metrics. If such a
deformation should be obtained by the method we have
described, this would require not only the feasibility of
a prepotential resolution of the corresponding linearized
constraints (as yet, a subject to be investigated also in
four dimensions), but also our ability to recast them, by
some change of variables, in the same form as in the flat
case: in this way one could establish the Curtright con-
straints on the dual side and simply introduce the dual
pair of canonical variables by the already known inver-
sion formulae, reversing the change of variables on the
dual side afterwards.
Apart from these technical issues, our result also rises
more conceptual questions, such as the interpretation of
a cosmological constant in the dual theory, or the proper-
ties that space and time should possess in such an alter-
native formulation –where the concept of constant curva-
ture in the geometric theory gets translated into spatial
non-locality4. The answer to these questions is certainly
far from obvious, and it would constitute a part of the
challenging enterprise of interpreting higher dimensional,
(pseudo) Riemannian geometry in a dual, non-geometric
formulation where the basic objects possess a mixed sym-
metry character. Since the necessity of such a compli-
cated description of gravity seems hard to justify a priori
–especially when we dispose of the elegant, generally co-
variant description that General Relativity provides– we
can only hope that a further understanding of gravita-
tional duality may be relevant in order to gain definitive
insight into the, yet conjectural and rather mysterious,
extended Kac-Moody algebra structure.
Acknowledgments
I thank M. Henneaux for suggesting the problem ad-
dressed in this article and a detailed reading of the
manuscript. This work has been supported by the
Fondecyt grant No 3160781. The Centro de Estudios
Cient´ıficos (CECs) is funded by the Chilean Government
4 A possibility to be considered is whether one can reestablish ei-
ther locality or manifest space-time covariance by the introduc-
tion of auxiliary fields.
8through the Centers of Excellence Base Financing Pro-
gram of Conicyt.
[1] T. Curtright, “Generalized Gauge Fields,” Phys. Lett. B
165, 304 (1985).
[2] J. M. F. Labastida and T. R. Morris, “Massless Mixed
Symmetry Bosonic Free Fields,” Phys. Lett. B 180, 101
(1986).
[3] C. S. Aulakh, I. G. Koh and S. Ouvry, “Higher Spin
Fields With Mixed Symmetry,” Phys. Lett. B 173, 284
(1986).
[4] P. C. West, “E(11) and M theory,” Class. Quant. Grav.
18, 4443 (2001) [hep-th/0104081].
[5] I. Schnakenburg and P. C. West, “Kac-Moody symme-
tries of IIB supergravity,” Phys. Lett. B 517, 421 (2001)
[hep-th/0107181].
[6] F. Englert, L. Houart, A. Taormina and P. C. West,
“The Symmetry of M theories,” JHEP 0309, 020 (2003)
[hep-th/0304206].
[7] A. Kleinschmidt, I. Schnakenburg and P. C. West, “Very
extended Kac-Moody algebras and their interpretation
at low levels,” Class. Quant. Grav. 21, 2493 (2004)
[hep-th/0309198].
[8] P. C. West, “The IIA, IIB and eleven-dimensional theo-
ries and their common E(11) origin,” Nucl. Phys. B 693,
76 (2004) [hep-th/0402140].
[9] T. Damour and M. Henneaux, “E(10), BE(10) and arith-
metical chaos in superstring cosmology,” Phys. Rev. Lett.
86, 4749 (2001) [hep-th/0012172].
[10] T. Damour, M. Henneaux, B. Julia and H. Nicolai, “Hy-
perbolic Kac-Moody algebras and chaos in Kaluza-Klein
models,” Phys. Lett. B 509, 323 (2001) [hep-th/0103094].
[11] N. D. Lambert, P. C. West, “Coset Symmetries in Dimen-
sionally Reduced Bosonic String Theory,” Nucl. Phys. B
615, 117 (2001).
[12] B. Julia, “Group disintegrations,” in “Superspace and
Supergravity”, Hawking, S.W., and Roc˘ek, M., eds.,
Nuffield Gravity Workshop, Cambridge, England, June
22 - July 12, 1980 (Cambridge University Press, Cam-
bridge, U.K.; New York, U.S.A., 1981).
[13] B. Julia, “Infinite Lie algebras in physics,” Proc.
Johns Hopkins Workshop on “Current Problems in Par-
ticle Physics, Unified Theories and Beyond” (Balti-
more: Johns Hopkins University, 1984) p. 23, preprint
LPTENS-81-14.
[14] B. Julia, “Kac-Moody symmetry of gravitation and su-
pergravity,” Lectures in Applied Mathematics vol 21
(Providence, RI: American Mathematical Society, 1985)
p. 355, preprint LPTENS-82-22.
[15] H. Nicolai, “A Hyperbolic Lie algebra from supergrav-
ity,” Phys. Lett. B 276, 333 (1992).
[16] B. L. Julia, “Dualities in the classical supergravity lim-
its: Dualizations, dualities and a detour via (4k+2)-
dimensions,” In *Cargese 1997, Strings, branes and du-
alities* 121-139 [hep-th/9805083].
[17] J. Ehlers, Dissertation Hamburg University (1957);
J. Ehlers, “Transformation of static exterior solutions of
Einstein’s gravitational field equations into different solu-
tions by means of conformal mappings,” in “Les Theories
relativistes de la gravitation”, Colloques Internationaux
du CNRS 91, 275 (1962).
[18] R. P. Geroch, “A Method for generating solutions of Ein-
stein’s equations,” J. Math. Phys. 12, 918 (1971);
R. P. Geroch, “A Method for generating new solutions of
Einstein’s equations. 2,” J. Math. Phys. 13, 394 (1972).
[19] E. Cremmer and B. Julia, “The SO(8) Supergravity,”
Nucl. Phys. B 159, 141 (1979).
[20] X. Bekaert, N. Boulanger and M. Henneaux, “Consistent
deformations of dual formulations of linearized gravity:
A no-go result,” Phys. Rev. D 67 (2003).
[21] S. Deser and C. Teitelboim, “Duality transformations of
Abelian and non-Abelian gauge fields,” Phys. Rev. D 13
1592 (1976).
[22] M. Henneaux and C. Teitelboim, “Duality in lin-
earized gravity,” Phys. Rev. D 71, 024018 (2005)
[arXiv:gr-qc/0408101].
[23] B. Julia, J. Levie and S. Ray, “Gravitational dual-
ity near de Sitter space,” JHEP 0511, 025 (2005)
[hep-th/0507262].
[24] C. Bunster, M. Henneaux and S. Ho¨rtner, “Twisted self-
duality for linearized gravity in D dimensions,” Phys.
Rev. D 88 064032 (2013).
[25] R. Arnowitt, S. Deser and C. W. Misner, “The Dynamics
of General Relativity,” in Gravitation: an introduction to
current research, Louis Witten ed. Wiley (1962).
[26] L. F. Abbott and S. Deser, “Stabilty of gravity with a
cosmological constant,” Nucl.Phys. B195 (1982).
[27] M. Henneaux and C. Teitelboim, “Quantization of gauge
systems,” Princeton University Press (1992).
[28] L. D. Landau and E. M. Lifschitz, “Mechanics” (Volume
1 of “A Course in Theoretical Physics,”) Pergamon Press
(1969).
[29] M. Dubois-Violette and M. Henneaux, “Generalized co-
homology for irreducible tensor fields of mixed Young
symmetry type,” Lett. Math. Phys. 49, 245 (1999);
M. Dubois-Violette and M. Henneaux, “Tensor fields of
mixed Young symmetry type and N complexes,” Com-
mun. Math. Phys. 226, 393 (2002).
